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This paper deals with some two-parameter solutions to the spherically symmetric, vacuum Einstein equa-
tions which, we argue, are more general than the de Sitter solution. The global structure of one such spacetime
and its extension to the multiply connected case have also been investigated. By using a six-dimensional
Minkowskian embedding as its maximal extension, we check that the thermal properties of the considered
solution in such an embedding space are the same as those derived by the usual Euclidean method. The
stability of the generalized de Sitter space containing a black hole has been investigated as well by introducing
perturbations of the Ginsparg-Perry type in the first order approximation. It has been obtained that such a space
perdures against the effects of these perturbations.

PACS numbes): 04.20.Jb, 04.62:v, 04.70.Dy

[. INTRODUCTION with A the cosmological constant. Assuming then a static
general spherically symmetric metric
In some respects de Sitter space is to cosmology what the
hydrogen atom is to atomic physics. In most practical situa-
t!ons they both pecome th.e f'rSt example vyhere any respeqrim dQ3=d@?+sirféd¢? the metric on the unit three
tive new formalism, description, or theory is brought to be S .
. . . sphere, we obtai=—B and hence the Schwarschild—de
checked out. Actually, since the very moment it was dlscov-Sitter solution[4]
ered one finds it difficult to encounter a paper on cosmology
in which no mention is made of a de Sitter universe. Soon Ar?2 2m
after its publicatior{ 1], Einstein sent a series of letters to de ef=eP=1- 3 (1.3
Sitter[2] in which he did not express entire approval of the
de Sitter cosmology. Two main criticisms were raised bywhere the mass comes about as an integration constant. de
Einstein. First, since it could only apply without any “world Sitter’s static solution arises when we set0 in Eq.(1.3),
material,” that is stars, he found the de Sitter metric to have.e., in the pure vacuum case.
no physical meaning, and secondly, Einstein argued that From a slightly more technical point of view, the de Sitter
whereas one can always put a rigid circular hoop into a depace can be indentifid8] as a maximally symmetric space
Sitter universe at any sufficiently early, though nonzero timeof constant positive curvatufgositive Ricci scalarwhich is
there is no place in it at a time= 0. While the first criticism @ solution to the Einstein equatio(is1) with a positive cos-
leaves the de Sitter universe only as a good approximatiofological constani\>0. It can be visualized as a five hy-
for a sufficiently tiny matter densitywhich actually is the —Perboloid[6]
real casg the second one is nothing but an expression of 3
Einstein’s disapproval of the existence of the big bang, an V2 Wi X2yl 2= —,
attitude which evidently overcomes the de Sitter scenario. A
e e gbecid % wih th st genral mer o te ce
. ) o : . ) Sitter space being then that which is induced in this embed-
just introducing the cosmological term first considered byding ie
Einstein himself in the general-relativity field equations for a T
spherically symmetric spacetime without any matter, that is, ds?=—dv2+dw?+ dx?+dy?+ d 7. 1.5
by considering the simplest possible scanario meeting the
essentials of Einstein’s ideas. The key differential point beThis has topologyRx S*, invariance groupSQ(4,1), and
tween de Sitter and Einstej8] universes is that in the latter shows ten Killings vectoréfour boosts and six rotations
a given matter density was explicitly included, setting a pre- What we have hitherto described corresponds to a de Sit-
ferred value of the cosmological constant so that the resulter space with simply connected topology. Recently, Gott
ing solution represented a static universe. On the contrary, iand Li[7] have also considered the important case of a mul-
de Sitter space the value of the cosmological constant iSply connected de Sitter space. These authors imposed the
completely arbitrary. In the absence of any matter, the Einidentification symmetry of the universal covering of Misner
stein equations can be written as space[5] to the five-hyperboloid visualizing the de Sitter
space, so inducing a boost transformation in the region
>|v| covered by the static metric of this space that makes
R#Y= AgH?, (1.1)  this region multiply connected. In this way, the event horizon

ds?=—erdt2+eBdr2+r2dQ?2, (1.2)

(1.9
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of the de Sitter space become$Gauchy chronology hori- embedding the de Sitter manifold according to, e.g., the fol-
zon which defines the onset of an interior nonchronal regioiowing coordinate transformations:
which supports closed timelike curv&STC's). The multiply

connected de Sitter space can be used to implement new _ .1 —HZZsinnt/k), z,=ky1—H2r2coskt/k),

boundary conditions for the universe according to which, (2.2
rather than being created from nothing, the universe created
itself [7]. _

z,=1(r), 2.3

In this paper we argue that the static de Sitter space for all
topologies actually corresponds to rather restricted solutions
of the Einstein field equations for a spherically symmetric Zs=r COS¢sing, z,=rsin¢sing, zs=rcosd, (2.4
empty space which becomes curved only by the action of
guantum vacuum effects. We show that there exist more gen-
eral solutions to this problem, defined by two cosmologicawherek is an arbitrary, dimensional parameter to be fixed
parameters, namely, the usual cosmological constant andlater, and the functiori(r), defining the new coordinats,
new constant vacuum term could be associated to vacuuis given by[10]
effects whose backreaction over the spacetime geometry led
to higher-derivative terms in the gravitational action. df\? k?(dp/dr)?+4p

The rest of the paper can be outlined as follows. In Sec. Il (a) fr)2=— [4(1—+

: ; s p)
we discuss the physical arguments that lead to obtaining a
two-parameter generalized de Sitter solution, deriving the ) ,
precise form of such a new solution. We then investigate thd 2King for the arbitrary parametdxrfrle inverse of the sur-
nature of the event horizons and the global structure of thé2Ce gravity of de Sitter spack=«;"=H"", we get then
new solution, and maximally extend the metric beyond theffom Eq.(2.5) that the functiorf(r) becomes a constarfty,
apparent horizons, both in the simply connected and muItipI)for de Sitter space, and hence it foIIows'that the coordinate
connected cases. The thermal properties associated with the N0 longer is a degree of freedom for this space. Therefore,
existence of these event horizons are studied in Sec. Ill bjhough the de Sitter static metric can still be visualized as a
using the usual Euclidean procedure and a new method basét hyperboloid, this is reducible to a five-hyperboloid de-
on replacing the Kruskal maximal extension by the six-fined for a rescaled cosmological constafiz=1/(A"*
dimensional embedding Minkowskian space as the back=f&/3), and the embedding Minkowski metric becomes that
ground spacetime where we allow the propagation of a mas$f a five-dimensional space. In what follows we interpret this
less scalar field. In Sec. IV we investigate the effects thatesult as being an indication that the known de Sitter solution
different types of Ginsparg-Perry perturbatidi®§ have in  is not the most general solution that corresponds to general
the generalized Schwarzschild—de Sitter space, concludinglativity with no matter for consistent nonzero quantum-
that this space is stable to the action of such perturbations ifechanical vacuum fluctuations, for the following reason.

first order. Finally, we briefly summarize and conclude inEinstein equations were initially thought of as satisfying the
Sec. V. requirement that they should permit flat spacetime as a par-

ticular solution in the absence of matter. By introducing the
cosmological constank, Einstein dropped3] this require-
ll. A TWO-PARAMETER VACUUM SOLUTION ment out and got a slightly more general set of equations

: . - . . which do not allow the existence of globally flat spacetime in
We start this section by noticing the sense in which the d(Ehe absence of matter, for then these equations become iden-

(2.5

Sitter space cannot be considered as the most general solu-
; . g . X ical to Eq.(1.1).
tion to spherically symmetric Einstein equations for the pure

vacuum case. As it was pointed out in the Introduction, d Motivated by the facts tha) any cosmological constant
Sitter space éan be visuglized by embedding it in the ’ﬁvgterms should all be associated to quantum fluctuations of
h erchJ)Ioid(l 4, with embeddin yMinkowski %etrieﬁl 5 vacuum([11], (ii) the gravitational Lagrangian must contain
H)g?/vever the.gr,eneral embeddh?g class for metrics.of. typecurvature squared corrections whenever it is considered
(1.2), with A= — B=In[1+p(r)] andp(r) a given function of guantum mechanicallyl 2], and(iii ) the physical dimensions

. . of the cosmological constant terms should be that of the
the radial coordinate, has been shown by Steph&8] to be : -
2, and therefore one should conside): a 2ix?d?mensionarlwnCon.sn”‘”t part (.)f t_he geometric terms containing the cur-
l\/iinkowski space as the most general embedding for it. Thi vature in the gravitational action, we now go a step further
would mean that one of the six degrees of freedom 6f the introducing i_n spherically symmetric spaces an.other
embedding space should become frozen in the case of théalc.uum terrr~1 V\éh'Ch We assume to~depenq on.th(fz radial co-
usual de Sitter metric, so pointing toward some lack of gen_ordl_n_ater asQr*, where the constar@ can, in principle, be
erality for this metric. In fact, let us take the functipfr) to  POSitivé, negative, or zero. Similar to the curvature squared
be given byp(r)=—H2r2, with H=A/3, and write the terms R?, R, R*", etc., in higher-derivative gravity theo-
six-dimensional Minkowski metric as ries, the new constar@ ought to have the physical dimen-
sions of a space curvature squared, namely, (lengthpis-
regarding the curvature squared terms in the left-hand side of

d$’=-dz+dZ, i=1,...,5 (2.1 the so modified field equations, we obtain
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FIG. 1. The global structure of the generalized de Sitter space with nedative
RV =g (A +Or2). (2.6) Assuming then staticness, for the general spherically sym-

metric metric (1.2), we shall again obtain from the field

Strictly speaking, one had to have considered field equationesquatlons(z'G) that A=—8, and from the equation for the

associated with higher-derivative theories wigf terms. Spherical angle,

However, in order to simplify our formulation, we restrict

here ourselves to work in a semiclassical approximation eP=eB=1_-___ =~ _ (2.7)

where all quantum-mechanical effects are only taken into 3 5 r

account in the right-hand side of the field equations. ) ) ) ) o
Solutions obtained from E¢2.6) will then depend on two with m an integration constant playing the role of an existing

parameters, the cosmological constarand the new param- Mass. Solution (2.7) describes a generalized Schwarz-
eterQ. The physical meaning of the cosmological constant isSCh'Id_de Sitter spacetime.
: pny 9 9 In what follows of this section and in the next one we

explicitly obtained in the quantum field theory context asconsider the casm=0. Then, depending on the sign of the

be!ng the(homogeneous and isotropiground state EXPEC-  involved constants, we have distinct kinds of solutions. Set-
tation value of some vacuum stress tensor. As to the physical H= JTAI3 and Q%= |3l/5. if H?>0 and®>0, th
interpretation ofQ, one may claim it to have an analogous ting H=|A|/3 and Q*=|QI/5, i >0 andQ>0, the

o ~ i resulting solution shows an event horizon at
origin as forA. Thus,Q ought to be quantum mechanically

associated with some additional component of the vacuum 7 Z_ 42

. ) g VH*+4Q"—H
stress tensor which would allow its value to be nonvanishing. ra:—%;
On the other hand, given the explicit radial dependence as- 2Q

sumed for the additional term which is displayed in Ej6), _
and the existence of a timelike singularity as one approacheéé H2>0 andQ<0, then there will be two horizons at

r=+ (see Fig. 1, one could expect that a nonvanishi@g

would break homogeneity of the spatial sections at very large (2 H?+ JH*-4Q* 2.8
scales. This seems to raise the interesting possibility that = 20Q* ' '

corrections coming fron might be considered as fluctua-

tions around a homogeneous space, which eventually coul@lith H2=2Q?2. Finally whenH2<0 andQ>0 (generalized

be regarded as the seeds required for the formation of galaxmti—de Sitter solution we obtain also an event horizon at
ies. Although in order to fix the precise form and physical

meaning of the relation between the solutions containing the , H2+ H*+40Q?
parameterQ and quantum vacuum fluctuations would re- rH=—2Q4 :

quire further detailed studies, it is still at this stage possible
to conjecture that the generahzed_ de S'tt?r spaces must dﬁi this paper, we will only consider the second of these par-
scribe additional quantum fluctuations which can be assOCig.lar soluti(;ns ie

ated with virtual charged particles locatedrat0. Note fur- B

thermore that the way in whicl) will enter the relevant ds’=—(1—H?r?+Q**)dt?
solutions[see, e.g., Eq(2.7)] remains one of the electric U N T
charge in the Reissner-Nordatndblack hole solution. +(1-H77+Q% ") Hdri+rdQ;. (2.9
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This metric can be embedded

transformations

Zo=k\1—H?%r?+ Q*“sinh(t/k),

z,=ky1—H?r?+ Q% *cosht/k), (2.10
z,=1(r), (2.11

Z3=r cos¢sing, z,=rsingsinh, zs=r cosé,
(2.12

where the functiorf(r) again satisfies conditiof2.5) which
is singular atr .. . Taking for the constark the inverse of the
surface gravity which now becomes

ro—r_ 20Q%\HZ-2Q?
r2  H2+H*-4Q*

we get by using the equalitieQ?=1/r r_, H2=(r?

+r2)/r2r? | and JH*—4Q*=(r2 —r2)/r2r2
rord (2423 —r_ir +2)r?

2 .4 2
FerZ(re—r-)gy

(2.13

Kc=

(.I:/)2:_

F2[(ry—r_)2=2r2(r2/r2 +1)Jr*+4r2r®
+

2,4 2
Fer2(re—r-)"gu

(2.19

in the six-dimensional
Minkowski space with metric(2.1) using the coordinate

PHYSICAL REVIEW D 61 024019

Zo=*+ky1—H?r?+Q**sinh(t/k),
2=+ ky1—H?r?+Q%**cosht/k)

plus another two with the coordinatesandz, interchanged
(z1+2p). This is exactly the same situation we are going to
find when extending from metri¢2.9 to its associated
Kruskal metric[10]. In fact, metric(2.9) is geodesically in-
complete because of the presence of the event horizons at
r., as given by Eq(2.8). This geodesic incompleteness can
be avoided by using the Kruskal technidi#13], and there-

fore we first introduce the “tortoise” coordinate

2

. f dr rer 1 [ro—r
r*= = —
1-H2r2+Q%* 2(r2—r2)[ry \rytr
1 r_—r
o)) &8

and then the advanced and retarded coordinates
V=t+r*, W=t—r*,
so that the metric becomes
ds’=—(1-HZ?+Qr*)dvdw+r?dQ3, (2.19
with the radial coordinate defined by
1
2

r*=

(V=W).

which only vanishes whe@ approaches zero. It appears thatIn the case tha@?<H?/2, we introduce now the new coor-
all of the degrees of freedom of the six-hyperboloid are nowdinatesV’ andW’ by means of the definitions

being used and that, therefore, mettf&9) is more general

than the usual de Sitter metric in order to describe a spheri-
cally symmetric empty space which is subjected to quantum

vacuum fluctuations.
The function ¢')? is positive and nonsingular for

=<r_, i.e, in the region of the generalized de Sitter spac

V'=tan expkV)], W' =tan I —exp «W)],

(2.20

and hence we obtain the Kruskal metric for a generalized de

eoitter space with negative constadt that is,

which can be thought of as a four-dimensional membrane

immersed in a six-dimensional flat space, with the parametric yo_ (1—H2r2+ Q%%

equations given by

z2—z2=—Q4ri (1-H%r2+Q%*) (2.15
1 0 H2_2Q2 ’

z=f(r), (2.16

22+ 22+ z2=r2, (2.17

The chosen solutiorH?>0, Q<0 is valid only for H?
=2Q?. As H? approaches Q2 one obtains aextremegen-

4dV'dW

— : +r2dQ3,
kesin(2V')sin(2W')

(2.21

wherexk, is the surface gravity defined in E@®.13, andr is
defined implicitly by the relation

ry—r
ro+r '
(2.22

The maximal extension is therefore obtained taking metric
(2.21) as the metric of the largest manifold which metrics

r_/rg r_/(ry+r_)

r_+r
r——r

tanV'tanW’ = —

eralized de Sitter space, a case which we shall briefly discuggiven only either in terms o¥ or in terms of W can be

later on.

isometrically embedded. There will be then a maximal mani-

The transformation£2.10 are not unique and cover only fold on which metric(2.21) is C2. One can also use the
the regionz,>|z,| of the Minkowski space. There could conformal treatment of the infinities to produce the Penrose
actually be four distinct transformations that together covediagram corresponding to the generalized de Sitter space we

completely the Minkowski space, namely,

are dealing with. It is depicted in Fig. 1, where the regions
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labeled | describe the intervakOr <r _, the regions labeled that corresponds to the propagation of a massless scalar field
Il describe the interval _<r<r,, and the regions labeled in the six-dimensional Minkowskian embedding space
[Il describe the spacetime within the exterior interval [10,15.
<r<w. This diagram is formed up as an infinite chain of ~We start with the Kruskal extension of the static metric
asymptotically flat (—0) regions | which are connected to which does not contain the geodesic incompleteness at the
one another by means of regions Il and Ill, and each regio®vent horizons. In order for this metric to be definite positive
[l is bounded by a timelike asymptotically flat infinite sin- we have to analytically continue the time coordinate accord-
gularity atr — oo, ing to the rotationt=i7. To see how this can be accom-
So far, we have confined ourselves to the case of a gerplished, we introduce new coordinates in the meté21),

eralized de Sitter space wif@<0 for a simply connected Such that
topology. One can also consider this spacetime with multiply
connected topology on a given restricted region of it. This
can be accomplished by imposing the symmetry of the Mis- .
ner spacé5] to the visualizing six-dimensional hyperboloid 1hen: the metrid2.21) becomes
that embeds the generalized de Sitter space, that is by letting

tanV'=R+S, tanW'=R-S. (3.1

_(1—H2r2+Q4r4)(dR2—dsz)

fche M?nkqwski coordinates of that hyperboloid satisfy the d<2= > +r2d02,
identification property ki(R?—S?)
(3.2
(20,21,25,23,24,25) o
] ] wherer is defined by
—[zgcoshnb) + z;sinh(nb),z,sinh(nb)
r.—r r_lry r_+r r_/(rp+r_)
+ZlCOSKnb),22,Zs,Z4,25], (223 82—R2= hl _ (3 3)
ro+r r_—r ' '

where b is a dimensionless arbitrary period andis any _ _ S
integer numbern=0,1,2 . .. %. The boost transformation SO that the surface=0 is defined byS"~R“=1, and the

in the (z9,z,) plane implied by identification§2.23 will ~ timet results from

induce a boost transformation in the generalized de Sitter

space. Hence, since the boost group in the generalized de R;S:—GXF(—ZK t) (3.4)
Sitter space must be a subgroup of the generalized de Sitter R+S e '

group, the static metri¢2.9) should also be invariant under
the symmetry(2.23. One can readily see that this symmetry In the regionr<r_, metric(3.2) becomes definite positive,
is in fact satisfied in the generalized de Sitter region coveregrovided we perform the continuation
by metric (2.9 and defined byz,>|z,|, where there are
CTC'’s, with the boundaries a = + z, and a given value of S=i¢, t=ir (3.5
=°_,7? being the Cauchy horizons that limit the onset of the _
nonchronal region from the causal exterior; that is the chroThen, from Eq.(3.4) we obtain
nology horizons for the multiply connected generalized de
Sitter spacd7]. As applied to this space, the identifications £+iR=—JRZ+ gZexp —ik,7). (3.9
(2.23 become
We thus see that the Euclidean timmebecomes a periodic

nb(H2+ JH*—4Q% variable, with a period 2/« . Following then the usual pro-

(2.29 cedure we can deduce that the generalized de Sitter space

tet+nbr.=t+

2 [H2_202 ' ~
2Q°WHT—2Q with Q<0 is characterized by a background temperature
which applies only to the region defined bysr _. In the given by
case of an extreme generalized de Sitter space, w@ére 5
=H?/2, identifications(2.24 reduce tot—t+o, a result _ Ke _ Q7VH"—2Q 3.7
which corresponds to the fact that the temperature of the 27 g(H2+ JH*—4Q%’ '

extreme generalized de Sitter space is zero.
where it can be noted that in the extreme cad@
Ill. THERMAL RADIATION IN GENERALIZED de =H?2, T=0, so that no thermal bath remains.
SITTER SPACE Although it reproduces the correct results, the Euclidean
method is rather mysterious and much too schematic. To see
In order to study the thermal properties of the generalizedhe physics behind the thermal radiation process, we shall
de Sitter space witlp<<0, which are to be expected becausenow follow a different procedure which relies on performing
of the existence of event horizons in this space, we shalh calculation in the six-dimensional Minkowski space
follow two distinct procedures. We shall first use the conven{10,15, which is thereby taken to play the role of the maxi-
tional Euclidean methofil4], and then a new method based mum extension of the static metric, instead of the Kruskal
on calculating the Fourier transform of the Whitman functionspace on which our previous discussion was made.
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As related to the embedding of the generalized de Sitter 1

space withQ<0, the Rindler wedge restriction of the six- Flw)x TPV ;
dimensional Minkowski space requires the usual coordinate (=R +QrYexp2mwl ko) —1] a1
redefinitions (3.12

. the proportionality factor being given by a certain product of
Zo={sinh(gn), 2z,={coshgz), powers of the frequency and the trajectory of the acceler-
ated observet. In this approximation, the power spectrum
is thus Planckian with a temperature given by expression

5 (3.7). Making the same kind of calculation in the full six-
ds?=—g?2dp?+di%+ E dz%. (3.9 dimensional Minkowski space, without resorting to geomet-
m=2 ric optics approximation, we finally obtain for the power

. . _ . spectrum
The lines{=const, z,,=const are the trajectories of the uni-

formly accelerated observers with constant acceleragion 1+ k2 w2
i.e., those observers moving along the hyperb(jészf F(w)x ,

> . . exp2mowl/k:)—1
—2z5. They will possess an event horizon located;at0.
The coordinates;, { cover only the quadrar#;>zo, such  which is not Planckian and only becomes so in the geometric
as the coordinatets r do. One can pass from metii8.8) to  gptics approximation where> k.. The proportionality fac-

with all otherz,, remaining unchanged. Then,

(3.13

the static metric by using tor in Eq.(3.13 also depends on a product of given powers
1 of frequencyw and observer’s trajector. It is worth noting
- VI—HT7 QM (3.9 the dependence & (w) on ¢ which reflects the feature that
' K¢ ' ' the horizons in our spacetime are observer-dependent, such

as it happens in de Sitter space.

so as the relations far,, z3, z,, andzg given in Sec. Il, and
the identificationg= «. . Because, = const represents a tra- IV. GENERALIZED SCHWARZSCHILD —de SITTER
jectory with constant proper acceleration, we conclude that a SPACE
static observerr(, 6, ¢ constantsin the interior general-
ized de Sitter static geometry is a particu]ar type of uni- In this section we brlefly discuss the different possible
formly accelerated observéwith acceleration proportional first-order perturbations of the Ginsparg-Perry typ¢ that
to k) in the embedding Minkowski space. can occur in both the singly degenerate and doubly degener-

The power spectrum detected by an accelerated de Wiftte cases corresponding to the generalized Schwarzschild-de
detector which probes the guantum fluctuations of a sca|a$itter space. Let us recall that the metric of this space can be
massless field is given HyL6] defined by

» 2m
F(w)fio D(7, 7 )expioAn)d(An), (3.10 ef=V(r)=1-Hr?+ Q- —. 4.0

where D(7,7’) is the Whitman functionD(z,z') [14] In order (tjo determine the pos;ci_tionsbof.theh horizons iln thfe
evaluated along the world line of the detectak,y= 17 extreme(degeneratecase, we first obtain the extremals o

—n'. There is now the problem that, although the world linethe function rV(rZ), "26" we solve ford[rV(r)]/dr=0,
of the detector is the same in Minkowski and generalized d&/Nich gives forQ“=H*/2

Sitter spaces, the scalar field is not restricted to the two-

dimensional space, but extends over the full spacetime. In (r9)2:2(3i2).
order to keep studying the behavior of the field close to the - 5H?2
detector world line, we will make our calculation in the geo-

metric optics approximation where only short wavelengthsThe horizon a’rﬂ corresponds to the singly degenerate case

are taken into accoufiL0]. Thus, in this approximation, the (the two cosmological horizons coincidérom the horizon

4.2

Whitman function for the world ling¢2.10 becomes condition V(r%)=0 we obtain therm=0, i.e., there is no
, black hole in this case, anrﬁ exactly is the degenerate
D(n.7') radius of the two cosmological horizons of the generalized

2 de Sitter space studied in the precedent sections. The horizon

S c ) atr® can be associated with the doubly degenerate @hse
1672(1—H?r?+ Q% *)sint?[ k(A n—i€)/2] degenerate cosmological horizon also coincides with the ra-

(3.11) drius of the black hole Replacingr® into V(r)=0, we get

then

Choosing as the integration contour in tes complex
plane the strip &1m «.A <2 and using the theorem of 8, 4.3
residues, we can evaluate the Fourier inte@8al0 to give ' '
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We consider now the distinct first-order perturbations ofuntil the double degeneracy is restored. Thus, the system

the type first considered by Ginsparg and P¢8Yfor the

appears to be stable to these perturbations.

above two degenerate cases. Let us first study perturbations We next consider perturbations of the form
of the doubly degenerate case where we first introduce the

ansatz
LA
2r9H2s’
r=r%|1-5cos +£52 (4.4
_ X 39 .
1 40
4_pal - _ e
Q H(4 135)’

with my unperturbed, and € 6<1. In this case, we have
4 5.
V(x)= g(szstX, (4.5

so that at first order ¥,
1 2 H 2 0,2 2
ds?=——(dy?—sirfxdy?)+(r?)?(1+ 28 cosy)dQs.

2H?
(4.6

As fixed byV(x) =0, the horizons will appear at=0 and

r=r°(1-Scosy— &%),

11Hr% 52
m=mo| 1+——5—, (4.10
1
4_ g4 — _ 2
Q*=H 7 25),

with the time coordinate) as defined by the first of Egs.
(4.4). Hence, one again obtains E@4.5) and(4.6) for V()

and the perturbed metric, respectively. Thus, the horizons at
x=0,7 will correspond to the respective radi,(x=0)
=r%(1+6) andrp(xy=m)=r°(1-6). This may describe
two distinct situations. Eithe@) r,(y=0)=r, (radius of an
evaporating black hojeand r,(x=m)=r_ (radius of an
antievaporating black holgl8]), with the degeneracy of the
cosmological horizons preserved at=r%, or (b) ry(x)
=r,=rpandry(xy=m)=r_=r_,, i.e., the degeneracy of
the cosmological horizons is broken, but that between the
horizons of the evaporatin@ntievaporatingblack hole and

the cosmological outelinner horizons is preserved. In case
(a) the temperatures of the black holes, as calculated by us-
ing Eqs.(4.7)—(4.9), areT.,=* H2r® /24, and those of the

x=, which correspond to the perturbed cosmological ho-degenerate cosmological horizons @re=0. In casgb), we

rizons atr,=r°(1+4) andr_=r°(1-6), respectively.

The radius of the black hole keeps being located,atr®
and it no longer is associated to an event horizon.

In order to evaluate the thermal properties of the so-

perturbed spacetime, we calculate the surface graviiy

obtain insteadT . ,=T. = = H?r% /2. It follows that in any

of the two cases, our spacetime is stable to the perturbations
specified by Eqgs(4.10.

Another kind of possible perturbations in the doubly de-
generate case can finally be considered. It would describe

each case, determining then the associated temperature pgrturbations which always leave the degeneracy between

means of the simple expressidn- «/27r. In order to com-

pute x, we shall follow Bousso and Hawkind.7], i.e., we
set

Y 17

K=2m—7, (4.7
h
where
y,=Hu? 4.9
and
. J -1
'/’LdZZWVgxxlxxh(anW XXh) . (4.9

We then obtain

H2r%
Te= 27’ T-=- 2’

the cosmological horizons unchanged, and is defined by the
same time perturbation as in Eq4.4) and(4.10, and

r=r%(1+ scosy),

5
m=m0(1—252), (4.11

Q4=%H4.

These perturbations again lead to E¢.5 and (4.6) for
V(x) and the perturbed metric. In this case, the temperatures
that result areT.=0 and T.,==*H?r°/2m, so that the
spacetime is once again stable to the perturbations.

Let us consider in what follows of this section the case in
which the horizon is at=r%, with m=0. It describes a
singly degenerate generalized de Sitter space with negative

6 and no black hole being initially present. We introduce
then the perturbative paramet@&iby means of the equation

i.e., the black hole with intermediate size would not radiate,

but there is a radiation process transfering energy from the
outer to the inner horizon of the generalized de Sitter space,

1 2
Q4=H4(———52), 0<6<1.

775 (4.12
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The singly degenerate case corresponds to the Bmit0.
The new time and radial coordinatgsand y, will now be
given by

="
2r9H2s

r=r9%(1+ &cosy).

(4.13
We then let the perturbation induce creation annihilatior)
of an extremely tiny black hole with mass

6r° &2
=

m=

(4.19

The inner and outer horizons of the generalized de Sitter

space lie, respectively, at== and xy=0, while the black
hole horizon will be at tn. To first order iné, from the
above transformations, we obtain the new metric

1
dszzﬁ[(1+25cosx)sir?xd¢2

2
—(1—-28cosy)dy?]+ m(1+25cosx)d(l§.

(4.195

We notice that, sinc¥(r)=1—H?r?+ Q** becomes nega-
tive when it is perturbed, i.e.,

V(x)=—46%(1+ 25 cosy)sirty, (4.16

the coordinate) becomes spacelike and the radial coordinate

PHYSICAL REVIEW D 61 024019

1 2
ds?=— ﬁ(smhzadzpz—daz)nt Fdng. (4.19

Metric (4.18 would represent a wormhole with the throat at

the outer horizon. If we Wick rotate the time variable, that is
Y=i¢, we finally obtain a metric with Euclidean signature.

In the degenerate case, this will produce two round two
spheres of different radius.

The interpretation of these perturbations becomes again
twofold. One can regard them as representing a breaking of
the degeneracy between the cosmological horizoms atin
which case

rh(x=0)=r%(1+8)=r.=ry,
rax=m)=r%(1—8) =r_=r_y.

On the other hand, we can also look at these perturbations as
preserving that degeneracy, so thgi(x=0)=ry, rn(x
=m)=r_y, andr.=r9 (as evaluated ag¢=7/2).

The calculation of the surface gravity for these perturba-
tions follows the same line as for the doubly degenerate
cases, unless for the parametgy which should now be
given by

(4.20

instead of Eq.(4.8). We then obtain for the temperatures
corresponding to the two horizomg

0
y,/,=H2I’+ )

becomes timelike. In these coordinates, the topology of the

sections at constant is S'x S?, and this means creation of
a handle. For these solutions, the radius of the two spheres

varies along thes! coordinatey, with the minimal (maxi-
mal) two sphere corresponding to the inneutey cosmo-

logical horizon, and the ergoregion between the cosmologi-

cal horizons nesting a little black hole of radiusm2nuch
smaller than the size of that ergoregiop—r_=2r9r§. At
the degenerate case, the metdcld) becomes

1 2
dsz=ﬁ(sinzxd¢/2—d)(2)+md9§. (4.17

H2r% (1+20)
Tx=0=—7%——", (4.27)
H%r%(1-26)
Tx=m=-—7——", (4.22
and for y= /2,
T H%r% s
Tx=5|=——>— (4.23

When the degeneracy between the cosmological horizons is
broken by the perturbations, thédp,=T,=T(x=0), T_;
=T_=T(x=m), while the temperatur¢4.22 measures a
thermal process by which the vacuum itself antiradiates. In

This metric is not the same as the Nairai solution. One stilt"€ case for which the above degeneracy is preserved, we
can recover a metric with the conventional signature by robtain instead, To,=T(x=0), T p=T(x=m), and T.

tating y=io, so that the line elemerté.15 becomes

1
ds?=— ——[(1+ 268 cosho)sintfodiy?
2H2[( ) &

2
—(1—25co:~:ha)d02]+m

X (1428 cosho)dQ2, (4.18

and for the degenerate case

=T(x=m/2). All of these thermal processes lead to a final
state in which there is no black hole and the generalized de
Sitter space becomes finally again degenerate, so also these
perturbations are stable.

V. SUMMARY AND CONCLUSIONS

In this paper we argue that the most general solution to
the general-relativity field equations that describe an empty
spherically symmetric spacetime must contain two constant
parameters in order to account for the quantum vacuum ef-
fects. According to the possible combinations of the signs of

024019-8
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such parameters, the general solution splits into three esseBehwarzschild—de Sitter spacetime to the allowed Ginparg-
tially different static spacetimes, two describing generalizedPerry perturbations in first-order approximation. It has been
de Sitter spaces and one describing a generalized anti—@btained that this spacetime perdures to all types of the con-
Sitter space. In this paper, we have confined ourselves to theédered perturbations, and that in the case that no balck hole
study of the generalized de Sitter cdpesitive cosmological was initially present, processes are allowed in which black
constant with a negative additional constant whose physicalhole pairs are created and then evaporated away.
dimensions are the same as those of a space curvature There are two ways along which the present work could
squared. Such a solution possesses two event horizons ahd continued. On the one hand, it appears appropriate to
can be visualized as a six hyperboloid with embeddingnvestigate the cosmological effects that the additional
Minkowskian metric. It is maximally extensible by defining vacuum term may have in cosmological models. One should
Kruskal-like coordinates, and corresponds to a spacetimthen consider the global Friedman-Robertson-Walker metric
which can be made multiply connected inside the inner everthat can be associated with the static metric studied in this
horizon by imposing the symmetry of the Misner space.  work. On the other hand, one would also investigate the
Since the additional vacuum constant term in the right-effects that can be expected from inserting a positive vacuum
hand side of the Einstein equations ought to correspond to aadditional term in the properties of the anti—de Sitter space.
existing curvature squared terms in the left-hand side of suckVe have already obtained that in this case, the generalized
equations, it could be thought that, as corresponding to alinti—de Sitter space has an event horizon and, therefore, one
other perturbation terms in the gravitational Lagrangian of ashould expect that, contrary to what happens in the usual
Lovelock theory{19], one could have an arbitrary number of anti—de Sitter space, this space has a precise temperature,
additional constants characterizing quantum fluctuations ofind that its properties are similar to those of the generalized
vacuum. From this point of view, the solution studied in thisde Sitter space with positive.Q
paper might be regarded as merely being nothing but the Note added in proof€Equation(2.7) is really a solution to
second-order semiclassical approximation from the mosall field equations provided we add a factor 2 in front of the

general full solution. _ ~ extratermQr?in the componentsr¢) and (t) of Egs.(2.6).

The thermal properties of the spacetime dealt with in thissych a factor is in these cases actually required to account
work have been studied by using both the conventional Eufor the breakdown of homgeneity of the spatial sections in-
clidean procedure, and a novel method based on considering,ced by the 2 dependence of the extra term and the invari-
the propagation of a massless scaler field in its sixance of the metric under reflectioniofindt, and has been in

dimensional embedding space, where the thermal spectrufgct obtained by computer calculation kindly performed by
is computed as the Fourier transform of the Whitman equapyofessor A. G. Agnese in Genova University.

tion. We obtain that an observer moving along the origin of

the radial coordinate_s will d_etect a background thermal bath ACKNOWLEDGMENTS
at a temperature which vanishes only as one approaches the
extreme(degeneratecase. This research was supported by DGICYT under Research

We have finally studied the stability of the generalizedProject No. PB97-1218.
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